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CHAPTER-1

ARCHES

Three Hinged Arches:

» As shown above, the arch is hinged at ‘A’, ‘B’ and ‘C’.

» The horizontal distance between the lower hinges ‘A’ and ‘B’ is called ‘span’ of the
arch.

» The hinges ‘A’ and ‘B’ may or may not be at the same level.

»  Whentwo lower hinges (A and B) are at the same level the height of the crown (highest
point of the arch ) above the level of the lower hingesis called rise of the arch.

» Thedifference between the beam and the arch isthat in the case of the arch ahorizonta
thrust (H) is induced at each support which provides a hogging moment ‘Hy’ at any
section.

» If moment ‘Hy’ is called H moment at the section X-X.

Hence, [Actual bending moment at section X = Beam moment at section X-X —-H
moment at X-X]

» The sectiona requirement for an arch islessthan that of a beam of the same span and

carrying the same load system.
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SOME ILLUSTRATIONS:

Case|: A three hinged arch of span | and rise h carrying a uniformly distributed load of w per unit
run over the span.

w PEr Uit run
R U R Y

Loagoonogiodndoaaonggar)

wl wl
2

2
> Horizonta thrust at each support, H = we

i e
W per unit run

» Horizontal thrust at each end, H =W—R.

» Bending moment at any section X-X making an angle ‘0’ with the horizontal is given

2
by: | M, = —WT[sinq —sin?q] (hogging moment)
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2
> Maximum bending moment, Mmax_zﬂ Atanangle i.e. Distance

8
RV3
=

of the point of maximum bending moment from the crown = Rcos30° =

Case |11: A three hinged arch consisting of two quadrant parts AC and CB of radii R; and R,

carrying a concentrated load ‘W’ on the crown.
W

Case | V: Al
‘W which

> Horizonta thrust at eachend, | H =

B2

» Maximum Bending momentoccurs under the load.

» For the condition of absolute maximum bending moment, | X= 2—\/5 on either side

of the crown
Case V: A three hinged parabolic arch of span ‘I’ having its abutments at depth h; and h, below
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the crowns carrying a uniformly distributed load of w per unit run over the whole span.

w / unit run

(otcltlu!tlo‘Mo!almlcluln!ula]uIa1olttl!nlnlaltlolahlalomﬂmmli

wi

o+

Case VI: A three hinged parabolic arch of span ‘I’ havmg its abutments ‘A’ and ‘B’ at depths h;
and h, below the crown carrylng a concentrated loask i i

» Horizonta thrust at eachend, H =

Case VII: A three hinged parabolic arch of span ‘I’ having its abutments ‘A’ and ‘B’ at depths h;

and h, below the crown carrying a concentrated Ioad ‘W at a distance ‘a’ from crown.
i

W, (I, - a)

hyl; +hly

» Horizontal thrust at eachend. H =

Temperature effect on three-hinged arch:
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PR
B 2

» Riseintemperatureincreasesthelength of the arc. Since the ends A and B do not move
and since the hinge C is hot connected to any permanent object, the crown hinge will
rise from C to D. ‘AD’ represents the new position of AC.

1 +4n”

Tl
4h

> Increaseintheriseof arch =CD =d =

Where, T = change in temp. (°C)
oc = Co-efficient of linear expansion _

i V3

L ‘2{' | % -
» Two hinged arch is an indeterminate arch.
» Strain energy stored in thewhole arch, |U; = I(M - Hy)zzd?sI where, M = B.M. of

beam at section X-X
» By First theorem of Castigliano, the horizontal thrust can be obtained using

ou;

Tio
oH
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Myds
Horizonta thrust, H =%
y“ds
El
. o [Myds
If flexural rigidity of archisuniform, | H = >
_[y ds
I Mydx

» For aparabolic arches, it can also begivenas. | H =

SOME ILLUSTRATIONS:

Casel: A two-hinged semicircular arch of radius ‘R’ carrying a concentrated load ‘W’ at the
crown. Flexural rigidity (EI) is constant.

Case |I: A two-hinged semicircular arc of radius ‘R’ carrying a load W at a section the radius
vector corresponding to which makes an angle « with the horizontal. El is constant.

> Horizonta thrust, H="gn2a
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> If thereareloads W, W, W..... at anangle ocy, ocy, o5 (Lessthan or equal to

90°); Horizontal thrust, H

W .
H =ZF'S|n2 o

Case l11: A two hinged semicircular arch of radius R carrying a uniformly distributed load w per
unit run over the whole span. El = constant.

Wwoperunmirun

per unit

WR
-

» Horizontal thrust, H =

winN

Case V: A two-hinged semicircular arch of radius R carrying a distributed load uniformly
varying from zero at the left end tow per unit run at theright end. EI = constant
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WR

» Horizontal thrust, H _4
3 p

Case VI: A two-hinged parabolic arch of span | and rise h carrying a uniformly distributed

load w per unit run over the whole span .El = constant
w per unit run

EHBIDLDILILDLL DI D LD EDD LI EL IR

Case VII: A ¥e
the span.
El = constant

. wl?
> Horizonta thrust, H = —.
16h

Case VIII: A two hinged parabolic arch of span ‘I’ and rise ‘h’ carrying a load varying
uniformly from zero at the left end tow per unit run at right end. El = constant.
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d

. wl?
> Horizonta thrust, H = —
16h

Case | X: A two hinged parabolic arch of span | and rise h carrying a concentrated load W at
the crown. El = constant.

e

> Horizontal thrust, H = g% a(l —a)(1° +la—a?)

Temperature effect on two-hinged arches:
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» Duetoincreasein temperature, the length of member tends to increase. Since both ends
are hinged and displacement cannot take place, inward horizontal thrust will be
developed at each support.

_El Tl
Jyzds

> Horizontal thrust, | H

Where, o« = Coefficient of linear expansion
T = change in temperature (°C).
4El o« T
pR?
ElgocTl 15 ElgocT

For parabolic two-hinged arch, H = =—. ,
P J .[yzdx 8 h?

For semi-circular two-hinged arch; H =

» Where | =lgsecqg At q=0, |1 =15=M.O.l.at the crown

Reaction locusfor a two-hinged ar chs
> The reaction locus f e

_- Reaction locus

Note:
» Reaction locus for atwo-hinged semicircular arch is a straight line parallel to the line
joining abutments and at a height of p_2R aboveit.

» Reaction locus for a two-hinged parabolic arch is a curve whose equation is given by

2
y= & where ‘X’ is distance from end ‘A’

12 +1x - x2

Effect of rib shortening:
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C

» At any section of the arch, abending moment a shear force and anormal thrust act. The
normal thrust causes a shortening of the actual length of the arch.

» For this condition Horizontal thrust, (Two-hinged arch)
j Myds_.[Vsin oc.CoSoc .ds

7 EI AE
- 2 2
y ds+.[cos oc . ds
El AE

» Combined effect of rib shortening and temperature rise, horizontal thrust,
oc Tl
2
y“ds N
El

H:

where, Ay = Mean value of - A

Figure: Arch section subjected to normal thrust Figure
P, radial shear Sbending Moment M
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» Component of reacting forces at D along the tangent is called Normal thrust at

D.| Normal thrust at D = B, = H cosq +Vy sing |

» Component of reacting forces at D perpendicular to the tangent is called Radial shear
or smply shear at D.

| Radial Shear at D = S=H 4 sing -V, cosq |

Thelinesarch OR Thetheoretical arch OR Theline of thrust:

ve forces

> The diff€ of thedi ch are subj ected to axial compr —

/

onIy / thislin
>

: apeof thelinear arcl free g) pehi dlagramfor
l of the same span an |ng

> BEE |ng moment at any section of an arch isgg no r_‘ e ordlnate or the
int8 ;:__'s between tg given arch angsiinesf e%ap r ciple is called Eddy’s
theor & * >

» The actual B ,ﬂ----u_p Ir,--n,-v- sproportlonal to the ordinate X; Xo.

¥

Practice: Questions & Solutions

1. A threehinged arch hasaspan of 30 metersand arise of 10 m. Thearch carriesauniformly
distributed load of 50 KN per meter on the left haf of the span. It also carries two
concentrated |oads of 150 KN. and 100 KN at 5m and 10m from theright end. Calculate the
horizontal thrust at each support.

Solution:
150KN

SOKN/m TOOKN
- Sm

I
I
Y [ |
10m | :
| \;
| 1
H—r —————————————— B «H
1« R
[ 30m |
V,=020.83KN V,=1379.17

Postal Course ( GATE, IES & PSUs) © 2015 ENGINEERS INSTITUTE OF INDIA® .  All Rights Reserved

28-B/7, Jia Sarai, Near IIT, Hauz Khas, New Delhi-110016. Ph. 011-26514888. www.engineersinstitute.com




GATE, IES & PSUS [ 2015-16)

H — Horizontal thrust

V —Vertical reaction at ‘A’

V— Vertical reaction at ‘B’

Total verticd load, V =50 x 15 + 100 + 150 = 1000 KN.
Taking moment about the end ‘A’ -.XMA =0

V,x30= (50x15)><%+100>< 20+150x 25

=  \,x30=11375 V, =379.17kN.

V,+V, =V

V., =1000-379.17 = 620.83kN

Taking moment about ‘C: > M, =0

=

=Esin230°+§ 'n245°+5—O 'n290°+§ in? 60°
p

=§=27.06KN.
p
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